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LOCAL-IN-TIME WELL-POSEDNESS FOR COMPRESSIBLE MHD
BOUNDARY LAYER
YONGTING HUANG, CHENG-JIE LIU, AND TONG YANG
Abstract. In this paper, we are concerned with the motion of electrically conducting fluid
governed by the two-dimensional non-isentropic viscous compressible MHD system on the
half plane, with no-slip condition for velocity field, perfect conducting condition for magnetic
field and Dirichlet boundary condition for temperature on the boundary. When the viscosity,
heat conductivity and magnetic diffusivity coefficients tend to zero in the same rate, there
is a boundary layer that is described by a Prandtl-type system. By applying a coordinate
transformation in terms of stream function as motivated by the recent work [26] on the
incompressible MHD system, under the non-degeneracy condition on the tangential magnetic
field, we obtain the local-in-time well-posedness of the boundary layer system in weighted
Sobolev spaces.
1. Introduction and main result
The compressible magnetohydrodynamics (MHD) system describes the mutual interaction
of fluid and magnetic field where the velocity and magnetic field are governed by the com-
pressible Navier-Stokes equations coupled with the Maxwell equations. In two-dimensional
(2D) case, it takes the form as follows:
∂tρ+∇ · (ρu) = 0,
ρ
(
∂tu+ (u · ∇)u
)
+∇p(ρ, θ)− (∇×H)×H = µ∆u+ (λ+ µ)∇(∇ · u),
cV ρ
(
∂tθ + (u · ∇)θ
)
+ p(ρ, θ)∇ · u = κ∆θ + λ(∇ · u)2 + 2µ|D(u)|2 + ν|∇ ×H|2,
∂tH−∇× (u×H) = ν∆H, ∇ ·H = 0.
(1.1)
Here the unknown functions ρ, u = (u1, u2)
T , θ and H = (h1, h2)
T represent the density,
velocity, absolute temperature and magnetic field, respectively. p(ρ, θ) denotes the pressure
of fluid. cV is the specific heat capacity; λ and µ are the viscosity coefficients satisfying
µ > 0, λ + µ > 0; κ is the heat conductivity coefficient and ν is the magnetic diffusivity
coefficient. The deformation tensor D(u) is given by
D(u) =
1
2
(∇u+ (∇u)T ).
We are concerned with the initial boundary value problem for (1.1) in a periodic domain
{(t, x, y)|t ∈ [0, T ], x ∈ T, y ∈ R+}, with no-slip boundary condition on velocity, Dirichlet
boundary condition for temperature and perfect conducting boundary condition for magnetic
field, that is,
(1.2) u|y=0 = 0, θ|y=0 = θ∗(t, x), (∂yh1, h2)|y=0 = 0.
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For simplicity, we consider the ideal gas, i.e.,
p = p(ρ, θ) = Rρθ,(1.3)
with some constant R > 0.
In this paper, we are interested in the asymptotic behavior of solutions to the problem
(1.1)-(1.2) as the viscosities µ, λ, heat conductivity κ and magnetic diffusivity ν tend to zero.
Formally, when all these physical parameters vanish, the system (1.1) is reduced to the ideal
compressible MHD system:
(1.4)

∂tρ
e +∇ · (ρeue) = 0,
ρe
(
∂tu
e + (ue · ∇)ue)+∇p(ρe, θe)− (∇×He)×He = 0,
cV ρ
e
(
∂tθ
e + (ue · ∇)θe)+ p(ρe, θe)∇ · ue = 0,
∂tH
e −∇× (ue ×He) = 0, ∇ ·He = 0.
Corresponding to the no-slip boundary condition on velocity field and the perfectly conduct-
ing boundary condition on magnetic field in (1.2), a natural boundary condition for system
(1.4) is
(1.5) (ue2, h
e
2)|y=0 = 0.
In fact, under this impermeable boundary condition (1.5), the boundary {y = 0} is a particle-
path so that the tangential velocity ue1, the temperature θ
e and the tangential magnetic he1
are determined by the initial data at {t = 0}.
The inconsistency of boundary conditions between (1.5) and (1.2) gives rise to a thin tran-
sition layer near the physical boundary {y = 0} in the vanishing viscosity, heat conductivity
and magnetic diffusivity limit process, cf. [32]. Precisely, this transition layer is called the
boundary layer, in which the behavior of the tangential velocity, temperature and tangential
magnetic field change dramatically from (u1, θ, ∂yh1) = (0, θ
∗(t, x), 0) to (ue1, θ
e, he1)(t, x, 0)
determined by (1.4)-(1.5).
Before exhibiting the description of behavior of boundary layers, let us state some known
results first. The boundary layer theory, introduced by L. Prandtl, cf. [32] for the incom-
pressible Navier-Stokes equations with no-slip boundary condition, is concerned with the
asymptotic analysis of the behavior of fluid inside the boundary layer, which can be de-
scribed by the so-called Prandtl equations. From a mathematical point of view, the first
systematic study of Prandtl equations was developed by Oleinik [30] with detailed expla-
nation in [31], and under the monotonicity condition on tangential velocity with respect to
the normal variable to the boundary, the local (in time) well-posedness of Prandtl equations
was obtained by using the Crocco transformation. Furthermore, with an additional favorable
condition on the pressure, a global (in time) weak solution was obtained by Xin-Zhang [35].
Recently, Alexander-Wang-Xu-Yang [1] and Masmoudi-Wong [29] proved the well-posedness
result independently in the framework of weighted Sobolev space by using energy method.
Accordingly, when the monotonicity assumption on the velocity is violated, the Prandtl equa-
tions are ill-posed in finite order Sobolev spaces, cf. [4, 5, 6, 7, 10, 13, 14, 15, 16]. Note that
the above results are basically limited to the case of two space variables, and there are few
results with respect to three space variables, cf. [23, 22, 25]. It’s worth noting that without
the monotonicity assumption, the well-posedness theory of Prandtl equations can also be
established in the framework of analytic functions, cf. [33, 2, 28, 17, 36] or in the Gevrey
class, cf. [9, 8, 20, 21], with respect to both two and three space variables.
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For compressible fluids, the boundary layers are complicated, since in general, heat trans-
fers rapidly near the boundary and it gives rise to the thermal layer. Moreover, there is inter-
action between viscous layer and thermal layer, which leads to a more complicated structure
of boundary layers, cf. [18, 3, 19]. Limited to isentropic viscous fluids, where there is no
thermal layer, the boundary layer can be described by a Prandtl-type system, and its well-
posedness theory with respect to two space variables is established byWang-Xie-Yang [34] and
Gong-Guo-Wang [12] independently under the same monotonicity condition as the Prandtl
equations. Very recently, Liu-Wang-Yang [24] studied the behavior of both viscous layer and
thermal layer for two-dimensional non-isentropic compressible fluids in different viscosity and
heat conductivity limits.
When the fluid is coupled with magnetic field, the boundary layer phenomenon is different
since boundary layers for magnetic field may exist, cf. [11]. In particular in the case that
both the Reynolds number and the magnetic Reynolds number tend to infinity at the same
rate, i.e., finite magnetic Prandtl number, the boundary layer equations derived from the
MHD system are quite different from the classical Prandtl equations. A notable example is
that, for two-dimensional incompressible MHD system with no-slip boundary condition on
velocity and perfectly conducting boundary condition on magnetic field, as long as the tan-
gential component of magnetic field is nondegeneracy, a well-posedness theory for boundary
layer problems is established by Liu-Xie-Yang [26, 27] without monotonicity assumption on
tangential velocity (i.e., recirculation is allowed within the boundary layer). This reveals
mathematically the fact that magnetic field has a stabilizing effect on boundary layers, which
could provide a mechanism for containment of, for instance, the high temperature gas.
In this paper, we are concerned with the case that viscosities, heat conductivity and resis-
tivity parameters are of the same rate. To this end, by using a small parameter 0 < ε ≪ 1,
we set
(µ, λ, κ, ν) = ε(µ˜, λ˜, κ˜, ν˜),
for some constants µ˜, λ˜, κ˜, ν˜ > 0. Therefore, based on the Prandtl’s assertions, the thickness
of boundary layer shall be of order
√
ε, and its behavior is described by the Prandtl-type equa-
tions, which can be derived from the compressible MHD system (1.1)-(1.2). More precisely,
inside the boundary layer, set
t˜ = t, x˜ = x, y˜ =
y√
ε
,
and the new unknown functions
(ρ˜, u˜1, θ˜, h˜1)(t˜, x˜, y˜) = (ρ, u1, θ, h1)(t, x, y), (u˜2, h˜2)(t˜, x˜, y˜) =
1√
ε
(u2, h2)(t, x, y).
Plug this ansatz into the equations (1.1), the leading order term gives
(1.6)

∂tρ+ (u1∂x + u2∂y)ρ+ ρ(∂xu1 + ∂yu2) = 0,
ρ{∂tu1 + (u1∂x + u2∂y)u1}+ ∂x(p+ 1
2
h21)− (h1∂x + h2∂η)h1 = µ∂2yu1,
∂y(p+
1
2
h21) = 0,
cV ρ{∂tθ + (u1∂x + u2∂y)θ}+ p(∂xu1 + ∂yu2) = κ∂2yθ + µ(∂yu1)2 + ν(∂yh1)2,
∂th1 + ∂y(u2h1 − u1h2) = ν∂2yh1,
∂th2 − ∂x(u2h1 − u1h2) = ν∂2yh2,
∂xh1 + ∂yh2 = 0,
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in the region {(t, x, y)|t ∈ [0, T ], x ∈ T, y ∈ R+}, where the tildes are omitted for simplicity
of notations. Meanwhile, the boundary conditions (1.2) become
(1.7) (u1, u2, ∂yh1, h2)|y=0 = 0, θ|y=0 = θ∗(t, x).
In addition, the boundary layer should match the corresponding outflow, which is actually
the trace of ideal MHD flow satisfying the system (1.4)-(1.5). In other words, one has the
following far-field conditions:
lim
y→+∞
(ρ, u1, θ, h1)(t, x, y) = (ρ
e, ue1, θ
e, he1)(t, x, 0).(1.8)
Thus, it turns out the boundary layer satisfies the boundary value problem (1.6)-(1.8).
Let us simplify the equations (1.6) first. The equation (1.6)3 says that the leading order
of the total pressure p+
1
2
h21 is invariant cross the boundary layer, and then it should match
the outflow pressure, i.e., the trace of the total pressure of the ideal MHD equations (1.4).
Consequently, it yields by (1.3) and (1.8) that
(1.9) (p+
1
2
h21)(t, x, y) ≡
(
Rρeθe +
1
2
(he1)
2
)
(t, x, 0) =: P (t, x).
Then, since we are concerned with the case ρ, θ > 0, (1.3) and (1.9) give
ρ(t, x, y) =
2P (t, x)− h21(t, x, y)
2Rθ(t, x, y)
,(1.10)
which implies
2P (t, x) − h21(t, x, y) > 0.(1.11)
Now, thanks to (1.10) one can eliminate the unknown function ρ(t, x, y) from the equations
(1.6). Precisely, (1.6)5 can be rewritten by (1.6)7 as
(1.12) ∂th1 + (u1∂x + u2∂y)h1 + h1(∂xu1 + ∂yu2) = ν∂
2
yh1 + (h1∂x + h2∂y)u1.
Then, substituting (1.10) into (1.6)1, it follows that by using(1.6)4 and (1.12),
∂xu1 + ∂yu2 =
(1− a)
Q
h1
[
(h1∂x + h2∂y)u1 + ν∂
2
yh1
]− (1− a)
Q
(Pt + Pxu1)
+
a
Q
[
κ∂2yθ + µ(∂yu1)
2 + ν(∂yh1)
2
]
,(1.13)
where the positive constant a :=
R
cV +R
< 1 and
Q = Q(t, x, y) := P (t, x) +
1
2
(1− 2a)h21(t, x, y),
provided the fact from (1.11):
Q(t, x, y) > 0.
Next, plugging (1.9) and (1.10) into (1.6)2, (1.10) and (1.13) into (1.6)4, (1.13) into (1.12)
respectively, one can rewrite the equations for u1, θ and h1. Also, it is noted that (1.6)6 is a
direct consequence of (1.6)5, (1.6)7 and the boundary condition h2|y=0 = 0 in (1.7). Therefore,
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the boundary value problem (1.6)-(1.8) is reduced to the equation (1.10) for ρ coupled with the
following boundary value problem for (u1, u2, θ, h1, h2) in {(t, x, y)|t ∈ [0, T ], x ∈ T, y ∈ R+},
(1.14)

∂tu1 + (u1∂x + u2∂y)u1 − Rθ
P − 12h21
(h1∂x + h2∂y)h1 +
RPxθ
P − 12h21
=
µRθ
P − 12h21
∂2yu1,
∂tθ + (u1∂x + u2∂y)θ +
aθh1
Q
(h1∂x + h2∂y)u1 − a(Pt + Pxu1)θ
Q
=
aθ(P + 12h
2
1)
Q(P − 12h21)
[
κ∂2yθ + µ(∂yu1)
2 + ν(∂yh1)
2
]− aνθh1
Q
∂2yh1,
∂th1 + (u1∂x + u2∂y)h1 −
P − 12h21
Q
(h1∂x + h2∂y)u1 − (1− a)(Pt + Pxu1)h1
Q
=
ν(P − 12h21)
Q
∂2yh1 −
ah1
Q
[
κ∂2yθ + µ(∂yu1)
2 + ν(∂yh1)
2
]
,
∂xu1 + ∂yu2 =
(1− a)
Q
h1
[
(h1∂x + h2∂y)u1 + ν∂
2
yh1
]− (1− a)
Q
(Pt + Pxu1)
+
a
Q
[
κ∂2yθ + µ(∂yu1)
2 + ν(∂yh1)
2
]
,
∂xh1 + ∂yh2 = 0,
(u1, u2, ∂yh1, h2)|y=0 = 0, θ|y=0 = θ∗(t, x),
lim
y→+∞
(u1, θ, h1)(t, x, y) = (u
e
1, θ
e, he1)(t, x, 0) =: (U,Θ,H)(t, x).
Note that classical solution (u1, u2, θ, h1, h2) to the boundary value problem (1.14), together
with the function ρ defined by (1.10), satisfy the original problem (1.6)-(1.8). Hence, we
endow the system (1.14) with the initial data
(u1, θ, h1)|t=0 = (u1,0, θ0, h1,0)(x, y), (x, y) ∈ T× R+,(1.15)
and focus on the initial-boundary value problem (1.14)-(1.15) hereafter.
The main result of this paper can be stated as follows.
Theorem 1.1. For the initial-boundary value problem (1.14)-(1.15) with a smooth outflow
(U,Θ,H, P )(t, x), assume that the initial data (u1,0, θ0, h1,0)(x, y) and the boundary value
θ∗(t, x) are smooth, compatible and satisfy
(1.16) θ∗(t, x), θ0(x, y), h1,0(x, y) ≥ 2δ, 1
2
(
h1,0(x, y)
)2 ≤ P (0, x) − 2δ,
for t ∈ [0, T ], (x, y) ∈ T × R+ with some constant δ > 0. Then there exists T∗ ∈ (0, T ]
and a unique classical solution (u1, u2, θ, h1, h2) to the problem (1.14)-(1.15) in the region
DT∗ := {(t, x, y)|t ∈ [0, T∗], x ∈ T, y ∈ R+} with the following properties:
(1) θ(t, x, y), h1(t, x, y) ≥ δ,
(
h1(x, y)
)2
/2 ≤ P (t, x)− δ in DT∗ ;
(2) (u1, θ, h1), ∂y(u1, θ, h1) and ∂
2
y(u1, θ, h1) are continuous and bounded in DT∗ , ∂t(u1, θ, h1)
and ∂x(u1, θ, h1) are continuous and bounded in any compact set of DT∗ ;
(3) (u2, h2) and ∂y(u2, h2) are continuous and bounded in any compact set of DT∗.
Remark 1.1. The far-field conditions given in (1.14) are compatible with the equations
(1.14)1-(1.14)3. Indeed, by restricting the equations in (1.4) on the boundary {y = 0}, and
using the boundary conditions (1.5) and the fact that ρe(t, x, 0) =
P −H2/2
RΘ
(t, x) > 0, we
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have the following equations by direct calculation,
Ut + UUx − RΘH
P − 12H21
Hx +
RPxΘ
P − 12H2
,
Θt + UΘx +
aΘH2
P + 12(1− 2a)H2
Ux − a(Pt + PxU)Θ
P + 12 (1− 2a)H2
= 0,
Ht + UHx −
(P − 12H2)H
P + 12(1− 2a)H2
Ux − (1− a)(Pt + PxU)H
P + 12(1− 2a)H2
= 0.
The rest of the paper is organized as follows. In Section 2, we introduce a nonlinear
coordinate transform for the problem (1.14)-(1.15), and establish the well-posedness theory
of the resulting problem. The local-in-time existence and uniqueness of the solution to the
original problem (1.14)-(1.15) will be given in Section 3.
2. Well-posedness of the transformed system
To show the local well-posedness of the system (1.14)-(1.15), similar as the classical Prandtl
equations, the major difficulty comes from the regularity loss of x−derivative. Indeed, we
find that from (1.14) the vertical velocity u2, respectively the vertical magnetic component
h2, is determined by the equation (1.14)4 and the boundary condition u2|y=0 = 0, respec-
tively the equation (1.14)5 and the boundary condition h2|y=0 = 0, which creates a loss of
x−derivative. The key ingredient of the current work is to develop a new system, which can
avoid the regularity loss, from (1.14)-(1.15) by using a nonlinear coordinate transform. Such
transformation is introduced in the work [26], and based on nondegeneracy assumption on
tangential magnetic component, e.g., h1(t, x, y) > 0. After that, the local well-posedness of
the transformed system can be obtained by a proper iteration scheme.
2.1. Transformation and preliminaries. As in [26], by the divergence-free condition
∂xh1 + ∂yh2 = 0, and the boundary condition h2|y=0 = 0, there exists a stream function
ψ = ψ(t, x, y) such that
h1 = ∂yψ, h2 = −∂xψ, ψ|y=0 = 0.(2.1)
Moreover, by using (1.6) and (1.7), it follows that ψ satisfies
(2.2) ∂tψ + (u1∂x + u2∂y)ψ = ν∂
2
yψ.
Under the assumption of non-zero tangential magnetic component:
(2.3) h1 = ∂yψ > 0,
we can introduce the following invertible transformation
τ = t, ξ = x, η = ψ(t, x, y),(2.4)
and new unknown functions
(uˆ1, θˆ, hˆ1)(τ, ξ, η) := (u1, θ, h1)(t, x, y).(2.5)
By the coordinate transformation (2.4), combining with (2.1), (2.3) and the boundedness
assumption on h1, the region {(t, x, y)|t ∈ [0, T ], x ∈ T, y ∈ R+} is changed into the new one
ΩT := [0, T ]× Ω := {(τ, ξ, η)|τ ∈ [0, T ], ξ ∈ T, η ∈ R+},
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and the boundary {y = 0} (y → +∞, resp.) is changed into {η = 0} (η → +∞, resp.).
Therefore, combining (2.5) and the boundary conditions of (1.14) yields
(uˆ1, ∂ηhˆ1)|η=0 = 0, θˆ|η=0 = θ∗(τ, ξ), lim
η→+∞
(uˆ1, θˆ, hˆ1)(τ, ξ, η) = (U,Θ,H)(τ, ξ).(2.6)
Then, it implies by combining (2.5) with the initial data (1.15) that
(uˆ1, θˆ, hˆ1)|τ=0 = (u1,0, θ0, h1,0)
(
ξ, y(ξ, η)
)
=: (uˆ1,0, θˆ0, hˆ1,0)(ξ, η),(2.7)
where the function y(ξ, η) is determined by the following relation:
η =
∫ y(ξ,η)
0
h1,0(ξ, ζ)dζ.
Next, with the help of (2.2), applying (2.4) and (2.5) to the equations in (1.14) yields the
corresponding equations for (uˆ1, θˆ, hˆ1)(τ, ξ, η). Thus, we take (2.6) and (2.7) into account,
and eventually gain the initial-boundary value problem for (uˆ1, θˆ, hˆ1)(τ, ξ, η) in the domain
ΩT as follows:
(2.8)
∂τu1 + u1∂ξu1 − Rθ
P − 12h21
h1∂ξh1 + (ν − µRθ
P − 12h21
)h1∂ηh1∂ηu1 +
RPξθ
P − 12h21
=
µRθh21
P − 12h21
∂2ηu1,
∂τθ +
aθh21
Q
∂ξu1 + u1∂ξθ −
µaθh21(P +
1
2h
2
1)
Q(P − 12h21)
(∂ηu1)
2 +
(
ν − κaθ(P +
1
2h
2
1)
Q(P − 12h21)
)
h1∂ηh1∂ηθ
− νaθ(P +
1
2h
2
1)
Q(P − 12h21)
(h1∂ηh1)
2 − a(Pτ + Pξu1)θ
Q
=
aθh21
Q
[
κ
P + 12h
2
1
P − 12h21
∂2ηθ − ν∂η(h1∂ηh1)
]
,
∂τh1 −
(P − 12h21)h1
Q
∂ξu1 + u1∂ξh1 +
µah31
Q
(∂ηu1)
2 +
κah21
Q
∂ηh1∂ηθ +
ν(P + 12h
2
1)h1
Q
(∂ηh1)
2
− (1− a)(Pτ + Pξu1)h1
Q
=
(P − 12h21)h1
Q
[
ν∂η(h1∂ηh1)− κah
2
1
P − 12
h21∂
2
ηθ
]
,
(u1, ∂ηh1)|η=0 = 0, θ|η=0 = θ∗(τ, ξ), lim
η→+∞
(u1, θ, h1)(τ, ξ, η) = (U,Θ,H)(τ, ξ),
(u1, θ, h1)|τ=0 = (u1,0, θ0, h1,0)(ξ, η),
where we have removed all the superscripts for simplicity of notations. Unless explicitly
specified during the rest of this section, we will replaced (uˆ1, θˆ, hˆ1) by (u1, θ, h1) without any
confusion.
Remark 2.1. The equations in (2.8) are quasi-linear without loss of regularity, so the clas-
sical Picard iteration scheme can be used to establish the local existence. Then we can obtain
the local well-posedness of solutions to the system (2.6)-(2.8) in the new coordinates (τ, ξ, η).
However, in order to guarantee the coordinates transformation to be valid, the assumption
(2.3) is required and there is a loss of regularity to transfer the well-posedness results of (2.8)
to the ones of original system (1.14)-(1.15).
Further, we observe from the problem (2.8) that, it is more convenient to replace h1 by a
new unknown
q = q(τ, ξ, η) := h21(τ, ξ, η)/2.(2.9)
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Consequently, we rewrite the system (2.8) for v = v(τ, ξ, η) := (u1, θ, q)
T (τ, ξ, η) in the
following form:
(2.10)

∂τv +A(v)∂ξv + f(v, ∂ηv) + g(v) = B(v)∂
2
ηv,
(u1, ∂ηq)|η=0 = 0, θ|η=0 = θ∗(τ, ξ),
lim
η→+∞
v(τ, ξ, η) = (U,Θ,H2/2)T (τ, ξ) =: v∞(τ, ξ),
v|τ=0 =
(
u1,0, θ0, (h1,0)
2/2
)
T
(ξ, η) =: v0(ξ, η),
where
A(v) =
 u1 0 −
Rθ
P−q
2aθq
Q
u1 0
−2(P−q)q
Q
0 u1
 , B(v) = 2q

µRθ
P−q 0 0
0 κaθ(P+q)
Q(P−q) −νaθQ
0 −2κaq
Q
ν(P−q)
Q
 ,(2.11)
f(v, ∂ηv) and g(v) are quadratic in relation to ∂ηv and v respectively:
f(v, ∂ηv) =
 (ν −
µRθ
P−q )∂ηq∂ηu1
ν∂ηq∂ηθ − aθ(P+q)Q(P−q)
[
2µq(∂ηu1)
2 + κ∂ηq∂ηθ + ν(∂ηq)
2
]
a
Q
[
4µq2(∂ηu1)
2 + 2κq∂ηq∂ηθ +
ν(P+q)
a
(∂ηq)
2
]
 ,(2.12)
g(v) =
(RPξθ
P − q ,−
a(Pτ + Pξu1)θ
Q
,−2(1 − a)(Pτ + Pξu1)q
Q
)T
.(2.13)
Moreover, it is worth noting that the above vector functions g(v) and f(v, ∂ηv) given in
(2.13) and (2.12) respectively have the following forms:
f(v, ∂ηv) = F (v, ∂ηv)∂ηv, g(v) = G(v)v,(2.14)
where the matrices:
F (v, ∂ηv) :=
 (ν −
µRθ
P−q )∂ηq 0 0
−2µaθq(P+q)
Q(P−q) ∂ηu1 −κaθ(P+q)Q(P−q) ∂ηq ν∂ηθ − νaθ(P+q)Q(P−q) ∂ηq
4µaq2
Q
∂ηu1
2κaq
Q
∂ηq
ν(P+q)
Q
∂ηq
 ,(2.15)
and
G(v) :=

0
RPξ
P−q 0
0 −a(Pτ+Pξu1)
Q
0
0 0 −2(1−a)(Pτ+Pξu1)
Q
 .(2.16)
The above forms in (2.14), especially the chosen of F (v, ∂ηv), play a role in the constructions
of approximate solutions to the system (2.10) in the next subsection.
2.2. Well-posedness results. In the following, we focus on the initial-boundary value prob-
lem (2.10) for v and investigate its well-posedness. First of all, we introduce some Sobolev
spaces that will be used in the paper. Denote by
∂α = ∂α0τ ∂
α1
ξ ∂
α2
η , α = (α0, α1, α2) ∈ N3,
and we introduce the space Hk(ΩT ) for k ∈ N+:
Hk(ΩT ) :=
{
f(τ, ξ, η) : ΩT → R, ‖f‖Hk(ΩT ) := sup
0≤τ≤T
‖f(τ)‖Hk(Ω) <∞
}
,
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where
‖f(τ)‖Hk(Ω) :=
∑
|α|≤k
‖∂αf(τ, ·)‖2L2(Ω)

1
2
.
Also we denote by Hk(Ω) the Sobolev spaces of measurable function f ∈ ΩT such that for
any τ ∈ [0, T ],
‖f(τ)‖Hk(Ω) :=
 ∑
α1+α2≤k
‖∂α1ξ ∂α2η f(τ, ·)‖2L2(Ω)

1
2
<∞.
Accordingly, we can then define the functions spaces Hk(ΩT ) and Hk(Ω) for vector function
f = (f1, f2, f3), fi : ΩT → R, i = 1, 2, 3.
Next, we state the well-posedness result on the transformed problem (2.10) as follows.
Theorem 2.1. For the problem (2.10) and the integer k ≥ 4, assume that the known functions
U(τ, ξ),Θ(τ, ξ),H(τ, ξ), P (τ, ξ) and the boundary value θ∗(τ, ξ) satisfy Θ,H, P, θ∗ > 0, and
sup
0≤τ≤T
2k∑
j=0
‖∂jτ (U,Θ,H, P, θ∗)(τ, ·)‖H2k−j (Tξ) ≤Me(2.17)
for some constant Me > 1. Let the initial data v0(ξ, η) =
(
u1,0, θ0, (h1,0)
2/2
)T
(ξ, η) satisfy
(2.18) v0(ξ, η) − v∞(0, ξ) ∈ H3k(Ω),
and the compatibility conditions up to k-th order. Also, we assume there exists a sufficiently
small constant δ > 0 such that
(2.19) θ0(ξ, η) ≥ 2δ, 2δ ≤ 1
2
(h1,0)
2(ξ, η) ≤ P (0, ξ) − 2δ, ∀(ξ, η) ∈ Ω.
Then there exists a T∗ ∈ (0, T ] such that the problem (2.10) admits a unique classical solution
v(τ, ξ, η) = (u1, θ, q)
T (τ, ξ, η) satisfying v(τ, ξ, η) − v∞(τ, ξ) ∈ Hk(ΩT∗). Moreover, it holds
that
θ(τ, ξ, η) ≥ δ, δ ≤ q(τ, ξ, η) ≤ P (τ, ξ)− δ, ∀(τ, ξ, η) ∈ ΩT ∗.
Remark 2.2. The regularity assumptions on the outflow (U,Θ,H, P ), the boundary value
θ∗ and the initial data v0 are not optimal. Here, we require high regularity to simplify the
construction of approximate solutions as shown in the following part.
Recalling the relation (2.9), let v(τ, ξ, η) = (u1, θ, q)
T (τ, ξ, η) be the classical solution to
(2.10) given in the above Theorem 2.1, we immediately get that
(u1, θ, h1)
T (τ, ξ, η) :=
(
u1, θ,
√
2q
)T
(τ, ξ, η)
is the classical solution to the problem (2.8). Consequently, we give the following corollary
without proof.
Corollary 2.1. Suppose that in the problem (2.8), the known functions U(τ, ξ),Θ(τ, ξ),H(τ, ξ),
P (τ, ξ) and the boundary value θ∗(τ, ξ) satisfy the same hypotheses as given in Theorem 2.1.
Let the initial data (u1,0, θ0, h1,0)
T (ξ, η) of the problem (2.8) satisfy(
u1,0(ξ, η) − U(0, ξ), θ0(ξ, η)−Θ(0, ξ), h1,0(ξ, η)−H(0, ξ)
)
∈ H3k(Ω),
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and the compatibility conditions up to k-th order. Also, we assume there exists a sufficiently
small constant δ > 0 such that
θ0(ξ, η), h1,0(ξ, η) ≥ 2δ, 1
2
h21,0(ξ, η) ≤ P (0, ξ)− 2δ, ∀(ξ, η) ∈ Ω.
Then the problem (2.8) admits a unique classical solution (u1, θ, h1)
T (τ, ξ, η) in [0, T∗] with
T∗ given in Theorem 2.1. Furthermore, it holds that
θ(τ, ξ, η), h1(τ, ξ, η) ≥ δ, 1
2
h21(τ, ξ, η) ≤ P (τ, ξ)− δ, ∀(τ, ξ, η) ∈ ΩT ∗ .
2.3. Preliminary. In this subsection, we will make some preliminaries. For the problem
(2.10), recall that the facts ρ, θ, h1 > 0 implies P − q > 0 and Q = P + (1 − 2a)q > 0 as
0 < a < 1. We introduce a positive symmetric matrix
(2.20) S(v) :=

θ(P−q)
R
0 0
0 P−q
a
θ
0 θ θ
2(P+q)
2q(P−q)
 ,
such that
(2.21) [SA](v) := S(v)A(v) =

θ(P−q)
R
u1 0 −θ2
0 P−q
a
u1 θu1
−θ2 θu1 θ
2(P+q)
2q(P−q)u1

is symmetric, and
(2.22) [SB](v) := S(v)B(v) =
 2µθ2q 0 00 2κθq 0
0 0 νθ2

is positive definite.
Denote by
v
j
0(ξ, η) := ∂
j
τv(0, ξ, η), 0 ≤ j ≤ k.(2.23)
It follows from the compatibility conditions for (2.10) that vj0 can be derived from the equa-
tions and initial data of the problem (2.10) by induction with respect to j. Precisely, it
can be expressed as polynomials of the spatial derivatives, up to order 2j, of the initial
data v0(ξ, η). Also, (2.18) yields that there exists a positive constant M0 > 1 depending on
‖v0(ξ, η) − v∞(0, ξ)‖H3k(Ω) such that
k∑
j=0
∥∥vj0(ξ, η) − ∂jτv∞(0, ξ)∥∥H3k−2j(Ω) ≤M0.(2.24)
Next, in order to overcome the technical difficulty originated from the boundary terms at
{η = 0} and {η =∞} for the problem (2.10), we introduce an auxiliary function φ = φ(η) ∈
C∞(R+) such that 0 ≤ φ ≤ 1,
φ(η) ≡ 0 for η ∈ [0, 1], φ(η) ≡ 1 for η ≥ 2.
Accordingly, define
(2.25) v¯ = v¯(τ, ξ, η) :=
(
φU(τ, ξ), φΘ(τ, ξ) + (1− φ)θ∗(τ, ξ),H2(τ, ξ)/2
)
T
,
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and we use v¯ to ensure the homogeneous boundary conditions that will be shown in the
sequel. Indeed, let
v − v¯ = (v − v¯)(τ, ξ, η) := (v1, ϑ, w)T (τ, ξ, η)
with v being the solution to problem (2.10), it then implies
(v1, ϑ, ∂ηw)|η=0 = 0, lim
η→+∞
(v1, ϑ, w)(τ, ξ, η) = 0.
Furthermore, it is easy to obtain that by (2.17),
sup
0≤τ≤T
∑
α0+α1≤2k
∥∥∂αv¯(τ, ·)∥∥
L2(Tξ ,L∞(R
+
η ))
+
∥∥v¯ − v∞∥∥H2k(ΩT ) ≤M1,(2.26)
and combining (2.24) with (2.26) yields
k∑
j=0
∥∥vj0(ξ, η)− ∂jτ v¯(0, ξ, η)∥∥H3k−2j (Ω) ≤M1,(2.27)
for some constant M1 =M1(Me,M0) > 1.
Denote by the notation [·, ·] the commutator. We use the notation A . B to mean that
|A| ≤ C|B| with a generic constant C > 0. We also use the following notation for inner
product of vector functions f and g :
〈f ,g〉 (τ) = 〈f(τ, ·),g(τ, ·)〉Ω :=
3∑
i=1
∫
Ω
(figi)(τ, ξ, η)dξdη.
We shall use repeatedly the following inequalities, and one can refer to Lemma 2.1 in [26]
for the proof.
Lemma 2.1. For proper functions f, g in ΩT , the following properties hold.
i) If lim
η→+∞
(fg)(τ, ξ, η) = 0, it holds that for τ ∈ [0, T ],∣∣∣∣∫
T
(fg)(τ, ξ, 0)dξ
∣∣∣∣ ≤ ‖∂ηf(τ, ·)‖L2(Ω)‖g(τ, ·)‖L2(Ω) + ‖∂ηg(τ, ·)‖L2(Ω)‖f(τ, ·)‖L2(Ω).
In particular,
(2.28) ‖f(τ, ξ, 0)‖L2(Tξ) ≤
√
2‖f(τ, ·)‖
1
2
L2(Ω)
‖∂ηf(τ, ·)‖
1
2
L2(Ω)
, ∀f(τ, ·) ∈ H1(Ω).
ii) For f, g ∈ Hk(ΩT ) with some integer k ≥ 4, it holds that for |α|+ |β| ≤ k and t ≤ T,
(2.29)
∥∥(∂αf∂βg)(τ, ·)∥∥
L2(Ω)
. ‖f(τ)‖Hk(Ω) · ‖g(τ)‖Hk(Ω).
Then, it implies that for |α| ≤ k,∥∥∂α(fg)(τ, ·)∥∥
L2(Ω)
. ‖f(τ)‖Hk(Ω) · ‖g(τ)‖Hk(Ω),(2.30)
and ∥∥([∂α, f ] g)(τ, ·)∥∥
L2(Ω)
. ‖f(τ)‖Hk(Ω) · ‖g(τ)‖Hk−1(Ω).(2.31)
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2.4. The iteration scheme. We are going to use the classical iteration scheme to prove the
local existence result in Theorem 2.1. To this end, we construct a sequence of approximate
solutions {vn}n≥0 as follows.
The zero-th order approximate solution: We want to construct the zero-th order approximate
solution v0(τ, ξ, η) of problem (2.10), such that v0 = (u01, θ
0, q0)T satisfies the boundary
conditions of (2.10), i.e.,
(u01, ∂ηq
0)|η=0 = 0, θ0|η=0 = θ∗(τ, ξ), lim
η→+∞
v0(τ, ξ, η) = v∞(τ, ξ),
and the compatibility conditions
∂jτv
0|τ=0 = vj0(ξ, η), 0 ≤ j ≤ k.
With the help of (2.23) and (2.25) the zero-th order approximate solution v0(τ, ξ, η) of
(2.10) can be chosen as follows:
(2.32) v0(τ, ξ, η) = v¯(τ, ξ, η) +
k∑
j=0
τ j
j!
(
v
j
0(ξ, η) − ∂jτ v¯(0, ξ, η)
)
.
Then for this approximation v0, we have the following proposition.
Proposition 2.1. The zeroth-order approximate solution v0(τ, ξ, η) = (u01, θ
0, q0)T (τ, ξ, η)
of the problem (2.10), defined by (2.32), satisfies
v0(τ, ξ, η) − v¯(τ, ξ, η) ∈ Hk(ΩT ),(2.33)
(2.34) ∂jτv
0|τ=0 = vj0(ξ, η), 0 ≤ j ≤ k,
and the boundary conditions
(2.35) (u01, ∂ηq
0)|η=0 = 0, θ0|η=0 = θ∗(τ, ξ), lim
η→+∞
v0(τ, ξ, η) = v∞(τ, ξ).
Moreover, there exists some T0 ∈ (0, T ] such that for (τ, ξ, ζ) ∈ ΩT0 ,
(2.36) θ0(τ, ξ, ζ) ≥ δ, δ ≤ q0(τ, ξ, ζ) ≤ P (τ, ξ)− δ
with δ > 0 given in (2.19).
Proof. From the definition (2.32) of v0, direct calculation shows that v0 satisfies (2.34) and the
boundary conditions (2.35) by virtue of (2.25) and the compatibility conditions. Combining
(2.32) with (2.27), one can obtain that
‖v0 − v¯‖2Hk(ΩT ) ≤
k∑
j=0
∥∥∥∥τ jj! (vj0(ξ, η)− ∂jτ v¯(0, ξ, η))
∥∥∥∥2
Hk(ΩT )
. (1 + T k)M1,(2.37)
which implies (2.33) immediately.
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Next, from (2.32) it holds that
θ0(τ, ξ, η) = θ0(ξ, η) + φ(η)
(
Θ(τ, ξ)−Θ(0, ξ)) + (1− φ(η))(θ∗(τ, ξ) − θ∗(0, ξ))
+
k∑
j=1
τ j
j!
∂jτ
(
(θ −Θ) + (1− φ)(Θ − θ∗))(0, ξ, η)
≥ θ0(ξ, η) − τ sup
0≤τ≤T
‖∂τ (Θ, θ∗)(τ, ·)‖L∞(Tξ)
−
k∑
j=1
τ j
j!
(
‖∂jτ (θ −Θ)|τ=0‖L∞(Ω) + ‖∂jτ (Θ− θ∗)(0, ξ)‖L∞(Tξ)
)
,
(2.38)
where we have used the fact that
|f(τ, ξ)− f(0, ξ)| ≤ τ sup
0≤τ≤T
‖∂τf(τ, ·)‖L∞(Tξ), ∀ (τ, ξ) ∈ [0, T ]× T.
Then, applying the Sobolev embedding inequalities to (2.38) and using (2.24) and (2.26), it
yields that for any τ ∈ [0, T ],
θ0(τ, ξ, η) ≥ θ0(ξ, η) − Cτ(1 + τk−1)
k∑
j=1
(
‖∂jτ (θ −Θ)|τ=0‖H2(Ω) + sup
0≤τ≤T0
‖∂jτ (Θ, θ∗)‖H1(Tξ)
)
≥ θ0(ξ, η) − Cτ(1 + T k−1)(
√
M0 +
√
Me).
Similarly, one can obtain
q0(τ, ξ, η) ≥ 1
2
(h1,0)
2(ξ, η) − Cτ(1 + T k−1)(
√
M0 +
√
Me),
and
P (τ, ξ)− q0(τ, ξ, η) ≥ P (0, ξ)− 1
2
(h1,0)
2(ξ, η) − Cτ(1 + T k−1)(
√
M0 +
√
Me).
Thus, recalling the assumption (2.19) and choosing
T0 = min{1, T˜0} with T˜0 = δ
C(1 + T k−1)(
√
M0 +
√
Me)
,
the statement (2.36) follows immediately. 
The n−th order approximation: Assume that in the region ΩT1 , T1 ∈ (0, T0] with T0 given
in Proposition 2.1 and T1 to be determined later, the (n − 1)-th order approximate solution
vn−1(τ, ξ, η) = (un−11 , θ
n−1, qn−1)T (τ, ξ, η), n ≥ 1 to the problem (2.10) has been constructed.
Also, vn−1 satisfies
vn−1(τ, ξ, η) − v¯(τ, ξ, η) ∈ Hk(ΩT1), k ≥ 4,(2.39)
and the following induction hypotheses
(2.40)

∂jτv
n−1|τ=0 = vj0(ξ, η), 0 ≤ j ≤ k,
(un−11 , ∂ηq
n−1)|η=0 = 0, θn−1|η=0 = θ∗(τ, ξ), lim
η→+∞
vn−1(τ, ξ, η) = v∞(τ, ξ),
θn−1(τ, ξ, η) ≥ δ, δ ≤ qn−1(τ, ξ, η) ≤ P (τ, ξ)− δ.
Now, we are going to construct the n-th order approximate solution
vn = vn(τ, ξ, η) := (un1 , θ
n, qn)T (τ, ξ, η)
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to the problem (2.10) that satisfies the corresponding conditions to (2.39)- (2.40). Actually,
we construct vn = (un1 , θ
n, qn)T by solving the following linear initial-boundary value problem
in ΩT1 ,
(2.41)

∂τv
n +A(vn−1)∂ξv
n + F (vn−1, ∂ηv
n−1)∂ηv
n +G(vn−1)vn = B(vn−1)∂2ηv
n,
(un1 , ∂ηq
n)|η=0 = 0, θn|η=0 = θ∗(τ, ξ), lim
η→+∞
vn(τ, ξ, η) = v∞(τ, ξ),
vn|τ=0 = v0(ξ, η),
where A(·),B(·), are defined in (2.11), and G(·),F (·, ·) are defined in (2.16), (2.15) respec-
tively.
Firstly, we will show the solvability of the above problem (2.41).
Lemma 2.2. Under the assumptions of Theorem 2.1, the problem (2.41) admits a unique
classical solution vn(τ, ξ, η) in ΩT1 satisfying
vn(τ, ξ, η) − v¯(τ, ξ, η) ∈ Hk(ΩT1), k ≥ 4,
and
∂jτv
n|τ=0 = vj0(ξ, η), 0 ≤ j ≤ k.(2.42)
Moreover, there exists a positive constant C0, depending on T0,Me, δ, such that the following
estimate holds:
‖vn − v¯‖2Hk(Ωt) +
∫ t
0
∥∥∂η(vn − v¯)(τ)∥∥2Hk(Ω)dτ
≤ C0M31 exp
{
C0
∫ t
0
∥∥(vn−1 − v¯)(τ)∥∥18
Hk(Ω)
dτ
}
, ∀t ∈ [0, T1],
(2.43)
where the constant M1 ≥ 1 is given in (2.27).
Proof. We are mainly devoted to proving the estimate (2.43), since the well-posedness of
the linear problem (2.41) is standard. Indeed, one can use the a priori estimate (2.43)
and a compactness argument to show the local existence and uniqueness of a solution to
problem (2.41). The lifetime T1 of the solution can be obtained by again using (2.43) and
a continuous induction argument. Furthermore, from the definition (2.23) of v¯j0 and the
induction hypothesis (2.40)1 on v
n−1, direct calculation shows (2.42) immediately.
Recall the known function v¯ defined by (2.25) and set
vn − v¯ := (vn1 , ϑn, wn)T
to homogenize the boundary conditions of vn. We know vn− v¯ satisfies the following initial-
boundary value problem,
(2.44)

∂τ (v
n − v¯) +A(vn−1)∂ξ(vn − v¯) + F (vn−1, ∂ηvn−1)∂ηvn
+G(vn−1)(vn − v¯)−B(vn−1)∂2η(vn − v¯) = rn−1,
(vn1 , ϑ
n, ∂ηw
n)|η=0 = 0, lim
η→+∞
(vn − v¯)(τ, ξ, η) = 0,
(vn − v¯)|τ=0 = v0(ξ, η) − v¯(0, ξ, η),
where the error term
rn−1 := −∂τ v¯ −A(vn−1)∂ξv¯ −G(vn−1)v¯ +B(vn−1)∂2η v¯.(2.45)
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Applying the operator ∂α = ∂α0τ ∂
α1
ξ ∂
α2
η , |α| ≤ k, on the equations of (2.44)1, it yields that
∂τ∂
α(vn − v¯) +A(vn−1)∂ξ∂α(vn − v¯) + F (vn−1, ∂ηvn−1)∂η∂αvn
+ ∂α
(
G(vn−1)(vn − v¯)) −B(vn−1)∂2η∂α(vn − v¯)
= −[∂α,F (vn−1, ∂ηvn−1)]∂η(vn − v¯)− [∂α,A(vn−1)]∂ξ(vn − v¯)
+
[
∂α,B(vn−1)
]
∂2η(v
n − v¯) + ∂αrn−1.
(2.46)
We now take the inner product of ∂α(vn − v¯)TS(vn−1) and the identity (2.46) over Ω =
{(ξ, η)|ξ ∈ T, η ∈ R+}, where the matrix S(·) is given in (2.20), then estimate the resulting
equation term by term. In this proof, denote by C > 0 the generic constant depending only
on T0,Me,M1, δ and the parameters of (2.8), which may be different from line to line.
Step 1. In this step, we are going to estimate the terms on the left hand side of (2.46).
Firstly, since S(·) is symmetric, one has〈
∂α(vn − v¯)TS(vn−1), ∂τ∂α(vn − v¯)
〉
(τ)
=
1
2
d
dτ
〈
∂α(vn − v¯)TS(vn−1), ∂α(vn − v¯)〉 (τ)
− 1
2
〈
∂α(vn − v¯)T∂τS(vn−1), ∂α(vn − v¯)
〉
(τ).
(2.47)
It is easy to get that ∣∣〈∂α(vn − v¯)T∂τS(vn−1), ∂α(vn − v¯)〉 (τ)∣∣
≤ ‖∂τS(vn−1)(τ, ·)‖L∞(Ω) · ‖∂α(vn − v¯)(τ, ·)‖2L2(Ω)
.
(
1 + ‖(vn−1 − v¯)(τ)‖4H3(Ω)
)∥∥(vn − v¯)(τ)∥∥2
Hk(Ω)
,
(2.48)
where we have used the Sobolev embedding inequality in the last inequality. Note that in the
rest of the proof, such kind of embedding inequalities will be used repeatedly, and we won’t
specify them one by one. Plugging (2.48) into (2.47) gives that〈
∂α(vn − v¯)TS(vn−1), ∂τ∂α(vn − v¯)
〉
(τ)
≥ 1
2
d
dτ
〈
∂α(vn − v¯)TS(vn−1), ∂α(vn − v¯)〉 (τ)
−C(1 + ‖(vn−1 − v¯)(τ)‖4H3(Ω))∥∥(vn − v¯)(τ)∥∥2Hk(Ω).
(2.49)
Secondly, recalling the symmetric matrix [SA](·) in (2.21), one has that by integration by
parts, ∣∣〈∂α(vn − v¯)TS(vn−1),A(vn−1)∂ξ∂α(vn − v¯)〉 (τ)∣∣
=
1
2
∣∣〈∂α(vn − v¯)T∂ξ([SA](vn−1)), ∂α(vn − v¯)〉 (τ)∣∣
≤ 1
2
∥∥∂ξ([SA](vn−1))(τ, ·)∥∥L∞(Ω) ‖∂α(vn − v¯)(τ, ·)‖2L2(Ω)
.
(
1 + ‖(vn−1 − v¯)(τ)‖5H3(Ω)
)∥∥(vn − v¯)(τ)∥∥2
Hk(Ω)
.
(2.50)
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Thirdly, note that
[SF ](v, ∂ηv) := S(v)F (v, ∂ηv)
=
 (
ν(P−q)
R
− µθ)θ∂ηq 0 0
−2µθq∂ηu1 −κθ∂ηq ν(P−q)a ∂ηθ
0 0 νθ
(
∂ηθ +
θ(P+q)
2q(P−q)∂ηq
)
 .(2.51)
Direct calculation yields that∣∣ 〈∂α(vn − v¯)TS(vn−1),F (vn−1, ∂ηvn−1)∂η∂αvn〉 (τ)∣∣
≤
∥∥[SF ](vn−1, ∂ηvn−1)(τ, ·)∥∥L∞(Ω) ‖∂α(vn − v¯)(τ, ·)‖L2(Ω)‖∂η∂αvn(τ)‖L2(Ω)
.
(
1 + ‖(vn−1 − v¯)(τ)‖4H3(Ω)
)∥∥(vn − v¯)(τ)∥∥2
Hk(Ω)
·
(
1 +
∥∥∂η(vn − v¯)(τ)∥∥2Hk(Ω)) .
(2.52)
Also, it follows that∣∣〈∂α(vn − v¯)TS(vn−1), ∂α(G(vn−1)(vn − v¯))〉 (τ)∣∣
≤ ‖S(vn−1)(τ, ·)‖L∞(Ω)‖∂α(vn − v¯)(τ, ·)‖L2(Ω)‖∂α
(
G(vn−1)(vn − v¯))(τ, ·)‖L2(Ω)
.
(
1 + ‖(vn−1 − v¯)(τ)‖3H2(Ω)
)∥∥(vn − v¯)(τ)∥∥
Hk(Ω)
· (1 + ‖(vn−1 − v¯)(τ)‖Hk(Ω))∥∥(vn − v¯)(τ)∥∥Hk(Ω)
.
(
1 + ‖(vn−1 − v¯)(τ)‖4Hk(Ω)
)∥∥(vn − v¯)(τ)∥∥2
Hk(Ω)
,
(2.53)
where we have used from (2.30) and the definition (2.16) of G,∥∥∂α(G(vn−1)(vn − v¯))(τ, ·)∥∥
L2(Ω)
.
(
1 + ‖(vn−1 − v¯)(τ)‖Hk(Ω)
)‖(vn − v¯)(τ)‖Hk(Ω).
Fourthly, we estimate the last term on the left side of (2.46). Since the far-field states
vanish as given in (2.44), we obtain that by integration by parts,
− 〈∂α(vn − v¯)TS(vn−1),B(vn−1)∂2η∂α(vn − v¯)〉 (τ)
=
∫
T
∂α(vn − v¯)T [SB](vn−1)∂η∂α(vn − v¯)
∣∣
η=0
dξ
+
〈
∂η∂
α(vn − v¯)T [SB](vn−1), ∂η∂α(vn − v¯)
〉
(τ)
+
〈
∂α(vn − v¯)T∂η
(
[SB](vn−1)
)
, ∂η∂
α(vn − v¯)〉 (τ).
Then along with that the matrix [SB](·) given in (2.22) is positive definite, gives that
− 〈∂α(vn − v¯)TS(vn−1),B(vn−1)∂2η∂α(vn − v¯)〉 (τ)
≥
∫
T
∂α(vn − v¯)T [SB](vn−1)∂η∂α(vn − v¯)
∣∣
η=0
dξ + cδ‖∂η∂α(vn − v¯)(τ, ·)‖2L2(Ω)
− ∥∥∂η([SB](vn−1))(τ, ·)∥∥L∞(Ω)‖∂α(vn − v¯)(τ, ·)‖L2(Ω)‖∂η∂α(vn − v¯)(τ, ·)‖L2(Ω)
≥ cδ‖∂η∂α(vn − v¯)(τ, ·)‖2L2(Ω) +
∫
T
∂α(vn − v¯)T [SB](vn−1)∂η∂α(vn − v¯)
∣∣
η=0
dξ
− C(1 + ‖(vn−1 − v¯)(τ)‖5H3(Ω))∥∥(vn − v¯)(τ)∥∥Hk(Ω)∥∥∂η(vn − v¯)(τ)∥∥Hk(Ω),
(2.54)
where and in the sequel, cδ = c(δ) > 0 depending only on δ and the outflow. To estimate the
second term on the right-hand side of (2.54), we use the following claim.
COMPRESSIBLE MHD BOUNDARY LAYER 17
Claim 2.1.∣∣∣ ∫
T
∂α(vn − v¯)T [SB](vn−1)∂η∂α(vn − v¯)
∣∣
η=0
dξ
−
∫
T
∂α(vn − v¯)T [SF ](vn−1, ∂αvn−1)∂ηvn
∣∣
η=0
dξ
∣∣∣
.
(
1 + ‖(vn−1 − v¯)(τ)‖9Hk(Ω)
)(
1 + ‖(vn − v¯)(τ)‖Hk(Ω)
)∥∥∂η(vn − v¯)(τ)∥∥Hk(Ω).
For the moment, we assume Claim 2.1 to be proved later, such that it follows from (2.55)
that
− 〈∂α(vn − v¯)TS(vn−1),B(vn−1)∂2η∂α(vn − v¯)〉 (τ)
≥ cδ‖∂η∂α(vn − v¯)(τ, ·)‖2L2(Ω) +
∫
T
∂α(vn − v¯)T [SF ](vn−1, ∂αvn−1)∂ηvn
∣∣
η=0
dξ
− C(1 + ‖(vn−1 − v¯)(τ)‖9Hk(Ω))(1 + ‖(vn − v¯)(τ)‖Hk(Ω))∥∥∂η(vn − v¯)(τ)∥∥Hk(Ω).
(2.55)
Step 2. In this step, we will estimate the terms on the right hand side of (2.46). Firstly,
we give the following claim to be proved later.
Claim 2.2. ∣∣∣ 〈∂α(vn − v¯)TS(vn−1), [∂α,F (vn−1, ∂ηvn−1)]∂ηvn〉 (τ)
+
∫
T
∂α(vn − v¯)T [SF ](vn−1, ∂αvn−1)∂ηvn
∣∣
η=0
dξ
∣∣∣
.
(
1 + ‖(vn−1 − v¯)(τ)‖5Hk(Ω)
)(
1 + ‖(vn − v¯)(τ)‖Hk(Ω)
)
· (‖(vn − v¯)(τ)‖Hk(Ω) + ‖∂η(vn − v¯)(τ)‖Hk(Ω)).
Next, we turn to estimate the remaining terms on the right hand side of (2.46) involving
commutators. It holds that by using (2.31) and the definition (2.11) of A,∣∣〈∂α(vn − v¯)TS(vn−1), [∂α,A(vn−1)]∂ξ(vn − v¯)〉 (τ)∣∣
≤ ‖S(vn−1)(τ, ·)‖L∞(Ω)‖∂α(vn − v¯)(τ, ·)‖L2(Ω)
∥∥[∂α,A(vn−1)]∂ξ(vn − v¯)(τ, ·)∥∥L2(Ω)
.
(
1 + ‖(vn−1 − v¯)(τ)‖3H2(Ω)
)∥∥(vn − v¯)(τ)∥∥
Hk(Ω)
· (1 + ‖(vn−1 − v¯)(τ)‖3Hk(Ω))∥∥∂ξ(vn − v¯)(τ)∥∥Hk−1(Ω)
.
(
1 + ‖(vn−1 − v¯)(τ)‖6Hk(Ω)
)∥∥(vn − v¯)(τ)∥∥2
Hk(Ω)
.
(2.56)
Similarly, one has∣∣〈∂α(vn − v¯)TS(vn−1), [∂α,B(vn−1)]∂2η(vn − v¯)〉 (τ)∣∣
≤ ‖S(vn−1)(τ, ·)‖L∞(Ω)‖∂α(vn − v¯)(τ, ·)‖L2(Ω)
∥∥[∂α,B(vn−1)]∂2η(vn − v¯)(τ, ·)∥∥L2(Ω)
.
(
1 + ‖(vn−1 − v¯)(τ)‖3H2(Ω)
)∥∥(vn − v¯)(τ)∥∥
Hk(Ω)
· (1 + ‖(vn−1 − v¯)(τ)‖5Hk(Ω))∥∥∂2η(vn − v¯)(τ)∥∥Hk−1(Ω)
.
(
1 + ‖(vn−1 − v¯)(τ)‖8Hk(Ω)
)∥∥(vn − v¯)(τ)∥∥
Hk(Ω)
∥∥∂η(vn − v¯)(τ)∥∥Hk(Ω).
(2.57)
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Further, recalling r given in (2.45), it is easy to verify that∣∣〈∂α(vn − v¯)TS(vn−1), ∂αr〉 (τ)∣∣
≤ ‖S(vn−1)(τ, ·)‖L∞(Ω)‖∂α(vn − v¯)(τ, ·)‖L2(Ω)
∥∥∂αr(τ, ·)∥∥
L2(Ω)
.
(
1 + ‖(vn−1 − v¯)(τ)‖8Hk(Ω)
)∥∥(vn − v¯)(τ)∥∥
Hk(Ω)
.
(2.58)
Step 3. Now, we can obtain the desired estimate. Indeed, by plugging the estimates
(2.49)-(2.53), (2.55), Claim 2.2, (2.56)-(2.58) into (2.46), it follows that for |α| ≤ k, k ≥ 4,
1
2
d
dτ
∑
|α|≤k
〈
∂α(vn − v¯)TS(vn−1), ∂α(vn − v¯)〉 (τ) + cδ‖∂η(vn − v¯)(τ)‖2Hk(Ω)
.
(
1 + ‖(vn−1 − v¯)(τ)‖9Hk(Ω)
)(
1 + ‖(vn − v¯)(τ)‖Hk(Ω)
)
· (‖(vn − v¯)(τ)‖Hk(Ω) + ‖∂η(vn − v¯)(τ)‖Hk(Ω))
≤ cδ
2
‖∂η(vn − v¯)(τ)‖2Hk(Ω) + C
(
1 + ‖(vn−1 − v¯)(τ)‖18Hk(Ω)
)(
1 + ‖(vn − v¯)(τ)‖2Hk(Ω)
)
,
which implies that
d
dτ
∑
|α|≤k
〈
∂α(vn − v¯)TS(vn−1), ∂α(vn − v¯)〉 (τ) + ‖∂η(vn − v¯)(τ)‖2Hk(Ω)
≤ C(1 + ‖(vn−1 − v¯)(τ)‖18Hk(Ω))(1 + ‖(vn − v¯)(τ)‖2Hk(Ω)).
(2.59)
Since S(·) is positive-definite, together with the assumption (2.40)3, one has〈
∂α(vn − v¯)TS(vn−1), ∂α(vn − v¯)〉 (τ) ≥ cδ‖∂α(vn − v¯)(τ, ·)‖2L2(Ω),
and then, ∑
|α|≤k
〈
∂α(vn − v¯)TS(vn−1), ∂α(vn − v¯)〉 (τ) ≥ cδ‖(vn − v¯)(τ)‖2Hk(Ω).(2.60)
Using (2.60), we apply the Gronwall inequality to (2.59) to obtain that for t ∈ [0, T1],∑
|α|≤k
〈
∂α(vn − v¯)TS(vn−1), ∂α(vn − v¯)〉 (t) + ∫ t
0
∥∥∂η(vn − v¯)(τ)∥∥2Hk(Ω)dτ
≤ C
(
1 +
∑
|α|≤k
〈
∂α(vn − v¯)TS(vn−1), ∂α(vn − v¯)〉 (0))
· exp
{
C
∫ t
0
∥∥(vn−1 − v¯)(τ)∥∥18
Hk(Ω)
dτ
}
.
(2.61)
Meanwhile, from (2.40)1 and (2.42):
∂jτv
n−1|τ=0 = ∂jτvn|τ=0 = vj0(ξ, η), 0 ≤ j ≤ k,
along with (2.27), it yields that∑
|α|≤k
〈
∂α(vn − v¯)TS(vn−1), ∂α(vn − v¯)〉 (0) .M31 .(2.62)
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Substituting (2.62) into (2.61) and using (2.60) again, we obtain that there exists a constant
C0 > 0 such that
‖vn − v¯‖2Hk(Ωt) +
∫ t
0
∥∥∂η(vn − v¯)(τ)∥∥2Hk(Ω)dτ
≤ C0M31 exp
{
C0
∫ t
0
∥∥(vn−1 − v¯)(τ)∥∥18
Hk(Ω)
dτ
}
.

To complete the proof of Proposition 2.2, it remains to show Claim 2.1 and Claim 2.2.
Proof of Claim 2.1. Denoted by
I :=
∫
T
∂α(vn − v¯)T [SB](vn−1)∂η∂α(vn − v¯)
∣∣
η=0
dξ.(2.63)
First of all, for the case of ∂α = ∂α0τ ∂
α1
ξ , the boundary conditions on {η = 0} in (2.44) gives
∂α(vn − v¯)∣∣
η=0
=
(
0, 0, ∂αwn
)
(τ, ξ, 0),(2.64)
and
∂η∂
α(vn − v¯)∣∣
η=0
=
(
∂η∂
αvn, ∂η∂
αϑn, 0
)
(τ, ξ, 0).
Then combining with the expression (2.22) of [SB], it is easy to calculate that
(2.65) I = 0.
Next, for the term
∫
T
∂α(vn − v¯)T [SF ](vn−1, ∂αvn−1)∂ηvn|η=0dξ, from the definition (2.51)
of [SF ] and the boundary conditions (2.40)2 we know that at {η = 0},
[SF ](vn−1, ∂αvn−1)
=
 (
ν(P−qn−1)
R
− µθn−1)θn−1∂αqn−1 0 0
−2µθn−1qn−1∂αun−11 −κθn−1∂αqn−1 ν(P−q
n−1)
a
∂αθn−1
0 0 νθn−1
(
∂αθn−1 + θ
n−1(P+qn−1)
2qn−1(P−qn−1)∂
αqn−1
)

=
 (
ν(P−qn−1)
R
− µθ∗)θ∗∂αqn−1 0 0
0 −κθ∗∂αqn−1 ν(P−qn−1)
a
∂αθ∗
0 0 νθ∗
(
∂αθ∗ + θ
∗(P+qn−1)
2qn−1(P−qn−1)
∂αqn−1
)
 .
Then, by (2.64) and
∂ηv
n
∣∣
η=0
=
(
∂ηu
n
1 , ∂ηθ
n, 0
)
(τ, ξ, 0),
direct calculation yields that
(2.66)
∫
T
∂α(vn − v¯)T [SF ](vn−1, ∂αvn−1)∂ηvn
∣∣
η=0
dξ = 0,
and that is why we choose F in the form (2.15). In this case, Claim 2.1 follows automatically
from (2.65) and (2.66).
Now, we only need to investigate the case of ∂α = ∂η∂
β, |β| ≤ k−1. By using the identity
(2.46) to replace
B(vn−1)∂η∂
α(vn − v¯) = B(vn−1)∂2η∂β(vn − v¯)
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in (2.63) to obtain that
I =
∫
T
∂α(vn − v¯)T
{
S(vn−1)∂τ∂
β(vn − v¯)
+ [SA](vn−1)∂ξ∂
β(vn − v¯) + [SF ](vn−1, ∂ηvn−1)∂η∂βvn
}∣∣∣
η=0
dξ
−
∫
T
∂α(vn − v¯)TS(vn−1)[∂β ,B(vn−1)]∂2ηvn
∣∣
η=0
dξ
+
∫
T
∂α(vn − v¯)TS(vn−1)
·
{
∂β
(
G(vn−1)(vn − v¯))+ [∂β ,A(vn−1)]∂ξ(vn − v¯)}∣∣∣
η=0
dξ
+
∫
T
∂α(vn − v¯)TS(vn−1)[∂β ,F (vn−1, ∂ηvn−1)]∂ηvn
∣∣
η=0
dξ
+
∫
T
∂α(vn − v¯)TS(vn−1)∂βr∣∣
η=0
dξ =:
5∑
i=1
Ii.
(2.67)
Firstly, under the induction hypothesis (un−11 , ∂ηq
n−1)
∣∣
η=0
= 0 given in (2.40), and using
φ(η) ≡ 0 for η ≤ 1, it follows that
|I1| .
(
1 +
∥∥(vn−1, ∂ηvn−1)∣∣η=0∥∥3L∞(Tξ))∥∥∂∂β(vn − v¯)∣∣η=0∥∥2L2(Tξ)
.
(
1 + ‖(vn−1 − v¯)(τ)‖3H3(Ω)
)∥∥(vn − v¯)(τ)∥∥
Hk(Ω)
∥∥∂η(vn − v¯)(τ)∥∥Hk(Ω),(2.68)
where ∂ :=
∑
|α|=1
∂α and we have used (2.28).
Secondly, it is easy to get that for I2,
|I2| ≤
∥∥S(vn−1)∣∣
η=0
∥∥
L∞(Tξ)
∥∥∂α(vn − v¯)∣∣
η=0
∥∥
L2(Tξ)
∥∥[∂β,B(vn−1)]∂2η (vn − v¯)∣∣η=0∥∥L2(Tξ).
With the help of (2.28), one can obtain that∥∥[∂β ,B(vn−1)]∂2η (vn − v¯)∣∣η=0∥∥L2(Tξ)
≤
∑
1≤|β′|≤|β|−1
{
Cβ
′
β
∥∥∂β′(B(vn−1))∣∣
η=0
∥∥
L∞(Tξ)
· ∥∥∂2η∂β−β′(vn − v¯)∣∣η=0∥∥L2(Tξ)}
+
∥∥∂β(B(vn−1))∣∣
η=0
∥∥
L2(Tξ)
· ∥∥∂2η(vn − v¯)∣∣η=0‖L∞(Tξ))
.
(
1 + ‖(vn−1 − v¯)(τ)‖5Hk(Ω)
) · (∥∥∂2η(vn − v¯)(τ)∥∥H2(Ω)
+
∥∥∂2η(vn − v¯)(τ)∥∥ 12Hk−2(Ω)∥∥∂3η(vn − v¯)(τ)∥∥ 12Hk−2(Ω))
.
(
1 + ‖(vn−1 − v¯)(τ)‖5Hk(Ω)
) · (∥∥(vn − v¯)(τ)∥∥
Hk(Ω)
+
∥∥(vn − v¯)(τ)∥∥ 12
Hk(Ω)
∥∥∂η(vn − v¯)(τ)∥∥ 12Hk(Ω)).
(2.69)
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Thus, it follows that
|I2| .
(
1 + ‖(vn−1 − v¯)(τ)‖8H2(Ω)
)∥∥∂α(vn − v¯)(τ, ·)∥∥ 12
L2(Ω)
∥∥∂η∂α(vn − v¯)(τ, ·)∥∥ 12L2(Ω)
·
(∥∥(vn − v¯)(τ)‖Hk(Ω) + ∥∥(vn − v¯)(τ)∥∥ 12Hk(Ω)∥∥∂η(vn − v¯)(τ)∥∥ 12Hk(Ω))
.
(
1 + ‖(vn−1 − v¯)(τ)‖8Hk(Ω)
)∥∥(vn − v¯)(τ)∥∥
Hk(Ω)
· (∥∥(vn − v¯)(τ)∥∥
Hk(Ω)
+
∥∥∂η(vn − v¯)(τ)∥∥Hk(Ω)).
(2.70)
Similarly, it holds that
|I3| .
(
1 + ‖(vn−1 − v¯)(τ)‖6Hk(Ω)
)∥∥(vn − v¯)(τ)∥∥
Hk(Ω)
∥∥∂η(vn − v¯)(τ)∥∥Hk(Ω).(2.71)
Thirdly, to estimate I4, note that ∂
α = ∂η∂
β,
S(vn−1)[∂β ,F (vn−1, ∂ηv
n−1)]∂ηv
n − [SF ](vn−1, ∂αvn−1)∂ηvn =: R,(2.72)
where the remainder R is a linear combination of
[SF ](vn−1, ∂η∂
β′vn−1)∂η∂
β−β′vn, β′ ≤ β, 1 ≤ |β′| ≤ |β| − 1,
and
S(vn−1)F˜ (∂β1vn−1, ∂η∂
β2vn−1)∂η∂
β3vn,
β1 + β2 + β3 < β, or β1 + β2 + β3 = β with β1 ≥ 1,
for some F˜ (·, ·) defined similar to F (·, ·). On the one hand, for β′ ≤ β, 1 ≤ |β′| ≤ |β| − 1,
similar as (2.69) one has∣∣∣ ∫
T
∂α(vn − v¯)T [SF ](vn−1, ∂η∂β′vn−1)∂η∂β−β′vn|η=0dξ
∣∣∣
.
∥∥∂α(vn − v¯)(τ, ·)∥∥ 12
L2(Ω)
∥∥∂η∂α(vn − v¯)(τ, ·)∥∥ 12L2(Ω)
· (1 + ‖(vn−1 − v¯)(τ, ·)‖3L∞(Ω))(1 + ‖(vn−1 − v¯)(τ)‖Hk(Ω))
· ∥∥∂η(vn − v¯)(τ, ·)∥∥ 12Hk−2(Ω)∥∥∂2η(vn − v¯)(τ, ·)∥∥ 12Hk−2(Ω)
.
(
1 + ‖(vn−1 − v¯)(τ)‖4Hk(Ω)
)∥∥(vn − v¯)(τ)∥∥
Hk(Ω)
∥∥∂η(vn − v¯)(τ)∥∥Hk(Ω).
On the other hand, it also holds∣∣∣ ∫
T
∂α(vn − v¯)T [SF˜ ](∂β1vn−1, ∂η∂β2vn−1)∂η∂β3vn
∣∣
η=0
dξ
∣∣∣
.
∥∥∂α(vn − v¯)(τ, ·)∥∥ 12
L2(Ω)
∥∥∂η∂α(vn − v¯)(τ, ·)∥∥ 12L2(Ω)
· (1 + ‖(vn−1 − v¯)(τ, ·)‖3L∞(Ω))(1 + ‖(vn−1 − v¯)(τ)‖6Hk(Ω))
· ∥∥∂η(vn − v¯)(τ, ·)∥∥ 12Hk−2(Ω)∥∥∂2η(vn − v¯)(τ, ·)∥∥ 12Hk−2(Ω)
.
(
1 + ‖(vn−1 − v¯)(τ)‖9Hk(Ω)
)∥∥(vn − v¯)(τ)∥∥
Hk(Ω)
∥∥∂η(vn − v¯)(τ)∥∥Hk(Ω).
Then gethering (2.72) with the above two inequalities yields∣∣∣I4 − ∫
T
∂α(vn − v¯)T [SF ](vn−1, ∂αvn−1)∂ηvn
∣∣
η=0
dξ
∣∣∣
.
(
1 + ‖(vn−1 − v¯)(τ)‖9Hk(Ω)
)∥∥(vn − v¯)(τ)∥∥
Hk(Ω)
∥∥∂η(vn − v¯)(τ)∥∥Hk(Ω).(2.73)
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Finally, it is straightforward to show that
|I5| .
∥∥∂α(vn − v¯)(τ, ·)∥∥ 12
L2(Ω)
∥∥∂η∂α(vn − v¯)(τ, ·)∥∥ 12L2(Ω)
· (1 + ‖(vn−1 − v¯)(τ, ·)‖3L∞(Ω))(1 + ‖(vn−1 − v¯)(τ)‖5Hk(Ω))
.
(
1 + ‖(vn−1 − v¯)(τ)‖8Hk(Ω)
)(
1 + ‖(vn − v¯)(τ)‖Hk(Ω)
)∥∥∂η(vn − v¯)(τ)∥∥Hk(Ω).
(2.74)
Therefore, substituting the above estimates (2.68), (2.70), (2.71), (2.73) and (2.74) for Ii, 1 ≤
i ≤ 5 respectively, into (2.67) leads to that for ∂α = ∂η∂β,∣∣∣I − ∫
T
∂α(vn − v¯)T [SF ](vn−1, ∂αvn−1)∂ηvn|η=0dξ
∣∣∣
.
(
1 + ‖(vn−1 − v¯)(τ)‖9Hk(Ω)
)(
1 + ‖(vn − v¯)(τ)‖Hk(Ω)
)∥∥∂η(vn − v¯)(τ)∥∥Hk(Ω),
which eventually gives the proof of Claim 2.1.

Next, we prove Claim 2.2 as follows.
Proof of Claim 2.2. Similar to (2.72), one has
[∂α,F (vn−1, ∂ηv
n−1)]∂ηv
n = F (vn−1, ∂η∂
αvn−1)∂ηv
n +R1,(2.75)
where the remainder R1 is a linear combination of
F (vn−1, ∂η∂
α′vn−1)∂η∂
α−α′vn, α′ ≤ α, 1 ≤ |α′| ≤ |α| − 1,
and
F˜ (∂α1vn−1, ∂η∂
α2vn−1)∂η∂
α3vn,
α1 + α2 + α3 < α, or α1 + α2 + α3 = α with α1 ≥ 1.
To estimate R1, on the one hand, by (2.29) we can claim that for α′ ≤ α and 1 ≤ |α′| ≤ |α|−1,∣∣∣ 〈∂α(vn − v¯)TS(vn−1),F (vn−1, ∂η∂α′vn−1)∂η∂α−α′vn〉 (τ)∣∣∣
.
∥∥∂α(vn − v¯)(τ, ·)∥∥
L2(Ω)
(
1 + ‖(vn−1 − v¯)(τ)‖6Hk(Ω)
)(
1 + ‖∂η(vn − v¯)(τ)‖Hk−1(Ω)
)
.
On the other hand, for α1 + α2 + α3 < α or α1 + α2 + α3 = α with α1 ≥ 1,∣∣∣ 〈∂α(vn − v¯)TS(vn−1), F˜ (∂α1vn−1, ∂η∂α2vn−1)∂η∂α3vn〉 (τ)∣∣∣
.
∥∥∂α(vn − v¯)(τ, ·)‖L2(Ω)(1 + ‖(vn−1 − v¯)(τ)‖9Hk(Ω))(1 + ‖∂η(vn − v¯)(τ)‖Hk−1(Ω)).
Thus, combining with the above two inequalities yields∣∣ 〈∂α(vn − v¯)TS(vn−1),R1〉 (τ)∣∣
.
(
1 + ‖(vn−1 − v¯)(τ)‖9Hk(Ω)
)∥∥(vn − v¯)(τ)∥∥
Hk(Ω)
(
1 + ‖(vn − v¯)(τ)‖Hk(Ω)
)
.
(2.76)
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Next, to deal with the terms involving ∂η∂
αvn−1 in the first part of (2.75), one has that
by integration by parts,〈
∂α(vn − v¯)TS(vn−1),F (vn−1, ∂η∂αvn−1)∂ηvn
〉
(τ)
= −
∫
T
∂α(vn − v¯)T [SF ](vn−1, ∂αvn−1)∂ηvn
∣∣
η=0
dξ
− 〈∂η∂α(vn − v¯)TS(vn−1),F (vn−1, ∂αvn−1)∂ηvn〉 (τ)
− 〈∂α(vn − v¯)TS(vn−1),F (vn−1, ∂αvn−1)∂2ηvn〉 (τ)
−
〈
∂α(vn − v¯)T , Fˆ (vn−1, ∂ηvn−1, ∂αvn−1)∂ηvn
〉
(τ),
where Fˆ is a matrix involving vn−1, ∂ηv
n−1, ∂αvn−1, and is quadratic with respect to ∂ηv
n−1
and ∂αvn−1. Then, it follows that for k ≥ 4,∣∣∣ 〈∂α(vn − v¯)TS(vn−1),F (vn−1, ∂η∂αvn−1)∂ηvn〉 (τ)
+
∫
T
∂α(vn − v¯)T [SF ](vn−1, ∂αvn−1)∂ηvn
∣∣
η=0
dξ
∣∣∣
.
(
1 + ‖(vn−1 − v¯)(τ)‖4H3(Ω)
)(
1 + ‖∂α(vn−1 − v¯)(τ, ·)‖L2(Ω)
)
·
[
‖∂η∂α(vn − v¯)(τ, ·)‖L2(Ω)‖∂ηvn(τ, ·)‖L∞(Ω)
+ ‖∂α(vn − v¯)(τ, ·)‖L2(Ω)
(‖∂ηvn(τ, ·)‖L∞(Ω) + ‖∂2ηvn(τ, ·)‖L∞(Ω))]
.
(
1 + ‖(vn−1 − v¯)(τ)‖5Hk(Ω)
)(
1 + ‖(vn − v¯)(τ)‖Hk(Ω)
)
· (‖(vn − v¯)(τ)‖Hk(Ω) + ‖∂η(vn − v¯)(τ)‖Hk(Ω)).
(2.77)
Thus, combining (2.76) with (2.77) and using (2.75) we obtain Claim 2.2. 
To complete the construction of n−th order approximate solution vn(τ, ξ, η), n ≥ 1, we
need to check that such approximation vn = (un1 , θ
n, qn)T (τ, ξ, η) solved from (2.41) satisfies
the corresponding bounded condition to (2.40)3, i.e.,
θn(τ, ξ, η) ≥ δ, δ ≤ qn(τ, ξ, η) ≤ P (τ, ξ)− δ.
In fact, we are able to obtain a stronger result as follows.
Proposition 2.2. Under the assumptions of Theorem 2.1, there exist some T1 ∈ (0, T0] and
some positive constant M such that the approximate solution sequence
{vn}n≥0 =
{
(un1 , θ
n, qn)(τ, ξ, η)
}
n≥0
constructed above satisfies
(2.78) ‖vn − v¯‖Hk(ΩT1 ) ≤M, ∀n ≥ 0,
and
(2.79) θn(τ, ξ, η) ≥ δ, δ ≤ qn(τ, ξ, η) ≤ P (τ, ξ) − δ, ∀(τ, ξ, η) ∈ ΩT1 .
Proof. Firstly, it follows from (2.37) that (2.78) holds for n = 0 providedM being sufficiently
large. Let us fix a T˜1 = min
{
T0,
1
9C100 M
27
1
}
with the positive constant C0 given in (2.43),
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and suppose that for n ≥ 1,
(2.80) ‖vn−1 − v¯‖2Hk(Ωt) ≤
C0M
3
1(
1− 9C100 M271 t
) 1
9
, ∀ t ∈ [0, T˜1).
It is easy to know (2.80) holds for the zero-th order approximate solution v0 provided C0
being large. Recalling (2.43), one can obtain that for t ∈ [0, T˜1),
‖vn − v¯‖2Hk(Ωt) ≤ C0M31 exp
{
C0
∫ t
0
C90M
27
1(
1− 9C100 M271 τ
) 1
9
dτ
}
≤ C0M
3
1(
1− 9C100 M271 t
) 1
9
.
(2.81)
On the other hand, under the assumption (2.17) and (2.19), it follows from (2.81) that
θn(t, ξ, η) = θn0 (ξ, η) +
∫ t
0
∂τθ
n(τ, ξ, η)dτ ≥ 2δ − t ‖∂τθn‖L∞(Ωt)
≥ 2δ − t
(
‖vn − v¯‖H3(Ωt) + sup
0≤τ≤t
‖(Θ, θ∗)(τ, ·)‖H2(Tξ)
)
≥ 2δ − 2t
√
C0M31
(
1− 9C100 M271 t
)− 1
18 , ∀t ∈ [0, T˜1).
Similar estimates hold for qn and P − qn. Thus, choosing T1 ∈ (0, T˜1) such that
2T1
√
C0M
3
1
(
1− 9C100 M271 T1
)− 1
18 ≤ δ,(2.82)
then it implies that
θn(t, ξ, η) ≥ δ, δ ≤ qn(t, ξ, η) ≤ P (τ, ξ)− δ.
Eventually, for such T1 satisfying (2.82), let
M =
√
C0M31
(
1− 9C100 M271 T1
)− 1
18 ,
we can get the proof of the proposition. 
It follows from Proposition 2.2 that, for the approximation solutions {vn}n≥0 to the prob-
lem (2.41) constructed above, {vn− v¯}n≥0 are uniform bounded in Hk(ΩT1), k ≥ 4. Next, we
will show the compactness of sequence {vn}n≥0. Indeed, it holds that
Proposition 2.3. There exists some T2 ∈ (0, T1] such that for t ∈ [0, T2],
sup
0≤τ≤t
∥∥(vn+1 − vn)(τ, ·)∥∥
L2(Ω)
≤ 1
2
sup
0≤τ≤t
∥∥(vn − vn−1)(τ, ·)∥∥
L2(Ω)
, n ≥ 1.
Proof. Denote
Ψn := vn+1 − vn = (ϕn, ψn, ωn)T , n ≥ 0.
For n ≥ 1, it follows from (2.41) that Ψn = Ψn(τ, ξ, η) satisfies the following initial-boundary
value problem in ΩT1 ,
∂τΨ
n +A(vn)∂ξΨ
n + F (vn, ∂ηv
n)∂ηΨ
n +G(vn)Ψn −B(vn)∂2ηΨn
=
[
B(vn)−B(vn−1)]∂2ηvn − [A(vn)−A(vn−1)]∂ξvn
− [F (vn, ∂ηvn)− F (vn−1, ∂ηvn−1)]∂ηvn − [G(vn)−G(vn−1)]vn,
(ϕn, ψn, ∂ηω
n)|η=0 = 0, lim
η→+∞
Ψn(τ, x, η) = 0, Ψn|τ=0 = 0.
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Similar to the arguments as in the proof of Lemma 2.2, we can claim that
1
2
d
dτ
〈
(Ψn)TS(vn),Ψn
〉
(τ) + ‖∂ηΨn(τ)‖2L2(Ω)
. P
(
‖(vn − v¯)(τ)‖H4(Ω), ‖(vn−1 − v¯)(τ)‖H4(Ω)
)(
‖Ψn−1(τ)‖2L2(Ω) + ‖Ψn(τ)‖2L2(Ω)
)
,
(2.83)
where P(·, ·) denotes some polynomial. Then, from the uniform estimates in Proposition 2.2
and the positive definiteness of S(vn), applying the Gronwall inequality to (2.83) leads to
that for t ∈ [0, T1],
sup
0≤τ≤t
‖Ψn(τ, ·)‖2L2(Ω) +
∫ t
0
‖∂ηΨn(τ)‖2L2(Ω)dτ . t sup
0≤τ≤t
‖Ψn−1(τ, ·)‖2L2(Ω).
Therefore, there exists a proper T2 ∈ (0, T1] such that
sup
0≤τ≤t
‖Ψn(τ, ·)‖L2(Ω) ≤
1
2
sup
0≤τ≤t
‖Ψn−1(τ, ·)‖L2(Ω), ∀t ∈ [0, T2],
and we complete the proof of the proposition. 
2.5. Local-in-time existence and uniqueness. We now prove Theorem 2.1 as follows.
Proof of Theorem 2.1. It follows from Proposition 2.2 and Proposition 2.3 that the approxi-
mation sequence {vn − v¯}n≥0 is a Cauchy sequence in L∞(0, T∗;L2(Ω)) with T∗ = T2 given
in Proposition 2.3. Hence, there exists v˜ = (v1, ϑ, w)
T ∈ L∞(0, T∗;L2(Ω)) such that
lim
n→+∞
(vn − v¯) = v˜ in L∞(0, T∗;L2(Ω)).
From the boundedness given in Proposition 2.2, Fatou property for Hk(ΩT∗) guarantees that
v˜ ∈ Hk(ΩT∗).
On the other hand, by interpolation the sequence {vn − v¯}n≥0 also converges to v˜ in
Hk′(ΩT∗) for any k′ < k. Thus,
v = (u1, θ, q) := v˜ + v¯
is a classical solution to the problem (2.10) by letting n → ∞ in (2.41). Moreover, from
(2.79) we have that for v such that
θ(τ, ξ, η) ≥ δ, δ ≤ q(τ, ξ, η) ≤ P (τ, ξ) − δ, ∀(τ, ξ, η) ∈ ΩT∗ .
Finally, the uniqueness of the solution to the problem (2.10) follows immediately from Propo-
sition 2.3.

3. Existence for the original problem
In this section, we show that the solution (uˆ1, θˆ, hˆ1) of the problem (2.8) obtained in
Corollary 2.1 can be transformed to a classical solution of the original initial-boundary value
problem (1.14).
Proof of Theorem 1.1. Firstly, we introduce
η(x, y) :=
∫ y
0
h1,0(x, y˜)dy˜,
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then η ∼ y since of the upper and lower bounds of h1,0 given in (1.16). We denote by y(x, η)
the inverse function of η(x, y) and define
(uˆ1,0, θˆ0, hˆ1,0)(x, η) := (u1,0, θ0, h1,0)
(
x, y(x, η)
)
.(3.1)
Let us consider the initial-boundary value problem (2.8), where we replace the variable (τ, ξ)
by (t, x), with the initial data (uˆ1,0, θˆ0, hˆ1,0)(x, η) in (3.1) and boundary condition θ
∗(t, x).
Then, the assumptions on the initial boundary values in Theorem 1.1 and the fact η ∼ y
imply the assumptions of Corollary 2.1. Consequently, we know from Corollary 2.1 that there
exist a T∗ ∈ (0, T ] such that (2.8) admits a unique classical solution (uˆ1, θˆ, hˆ1)(t, x, η) in DT∗
satisfying
(3.2) θˆ(t, x, η), hˆ1(t, x, η) ≥ δ, 1
2
hˆ21(t, x, η) ≤ P (t, x)− δ, ∀(t, x, η) ∈ DT∗ .
We define ψ = ψ(t, x, y) by the relation
(3.3) y =
∫ ψ(t,x,y)
0
dη
hˆ1(t, x, η)
.
Then ψ is well-defined and continuous in DT∗ by virtue of the continuity of hˆ1 and hˆ1 ≥ δ
given in (3.2). Note that from (3.3),
∂yψ(t, x, y) = hˆ1
(
t, x, ψ(t, x, y)
)
,(3.4)
which along with the upper and lower bounds of hˆ1 given in (3.2), implies that ψ(t, x, y) ∼ y.
In other words, one has
ψ|y=0 = 0, ψ|y→+∞ → +∞.(3.5)
Also, by using (3.1) it is easy to get
ψ(0, x, y) = η(x, y).(3.6)
Moreover, direct calculation by using (3.3) gives
(3.7)

∂tψ(t, x, y) = hˆ1
(
t, x, ψ(t, x, y)
) ∫ ψ(t,x,y)
0
∂thˆ1
hˆ21
(t, x, η)dη,
∂xψ(t, x, y) = hˆ1
(
t, x, ψ(t, x, y)
) ∫ ψ(t,x,y)
0
∂xhˆ1
hˆ21
(t, x, η)dη,
∂2yψ(t, x, y) = hˆ1
(
t, x, ψ(t, x, y)
)
∂ηhˆ1
(
t, x, ψ(t, x, y)
)
,
∂3yψ(t, x, y) = hˆ1
(
t, x, ψ(t, x, y)
)
∂η
(
(hˆ1∂ηhˆ1)
(
t, x, ψ(t, x, y)
))
.
Next, we define
(3.8) (u1, θ, h1) = (u1, θ, h1)(t, x, y) := (uˆ1, θˆ, hˆ1)
(
t, x, ψ(t, x, y)
)
.
Particular, it holds from (3.4) that
h1(t, x, y) = ∂yψ(t, x, y).(3.9)
The boundedness in (3.2) also holds for (θ, h1). Then, set
(3.10) u2(t, x, y) = −
(∂tψ + u1∂xψ − ν∂2yψ)
h1
(t, x, y), h2(t, x, y) = −∂xψ(t, x, y).
In the following, we will show that (u1, u2, θ, h1, h2)(t, x, y), defined in (3.8) and (3.10), is the
desired solution of Theorem (1.1).
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It is straightforward to verify by using (3.7) that, (u1, θ, h1), ∂y(u1, θ, h1) and ∂
2
y(u1, θ, h1)
are continuous and bounded in DT∗ , ∂t(u1, θ, h1), ∂x(u1, θ, h1) and (u2, h2), ∂y(u2, h2) are
continuous and bounded on any compact sets of DT∗ . Then, from (3.5) and the boundary
conditions of (uˆ1, θˆ1, hˆ1) given in (2.8), we can calculate that
(u1, u2, ∂yh1, h2)|y=0 = 0, θ|y=0 = θ∗(t, x), lim
y→+∞
(u1, θ, h1) = (U,Θ,H)(t, x).
Substituting (3.1) and (3.6) into (3.8) gives the initial condition
(u1, θ, h1)|t=0 = (uˆ1,0, θˆ0, hˆ1,0)(ξ, η),
and therefore, we know that (u1, u2, θ, h1, h2)(t, x, y) satisfies the initial boundary values of
problem (1.14).
It remains to show (u1, u2, θ, h1, h2) satisfies the equations of the original system (1.14).
Note that the relation
∂xh1 + ∂yh2 = 0
follows immediately from (3.9) and the definition of h2 given in (3.10). Differentiating the
first equation of (3.10) with respect to y, it follows from (3.4) and (3.7) that
(3.11) h1(∂xu1 + ∂yu2) = −∂τ hˆ1 + hˆ1∂ξuˆ1 − uˆ1∂ξhˆ1 + νhˆ1
(
∂η(hˆ1∂ηhˆ1)− (∂ηhˆ1)2
)
.
By using the governing equation (2.8)3 for hˆ1, the above identity (3.11) is reduced to
h1(∂xu1 + ∂yu2) =
(1− a)hˆ21
Q
hˆ1∂ξuˆ1 +
ν(1− a)hˆ21
Q
h1∂η(hˆ1∂ηhˆ1)− (1− a)hˆ1
Q
(Pτ + u1Pξ)
+
ahˆ1
Q
[
κhˆ1∂η(hˆ1∂η θˆ) + ν(hˆ1∂ηhˆ1)
2 + µ(hˆ1∂ηuˆ1)
2
]
=
(1− a)h21
Q
(h1∂x + h2∂y)u1 +
ν(1− a)h21
Q
∂2yh1 −
(1− a)h1
Q
(Pt + u1Px)
+
ah1
Q
[
κ∂2yθ + ν(∂yh1)
2 + µ(∂yu1)
2
]
,
where we have used the facts:
hˆ1∂η = ∂y, hˆ1∂ξ = h1∂x + h2∂y.
Consequently, we get the equation (1.14)4.
Next, the governing equations of (u1, θ, b1) defined in (3.8) can be shown to satisfy the
equations (1.14)1-(1.14)3 respectively. For instance, it follows from (3.7) and (3.10)1 that
∂tu1 + (u1∂x + u2∂y)u1 = ∂τ uˆ1 + uˆ1∂ξuˆ1 + νhˆ1∂ηhˆ1∂ηuˆ1.
By the equation (2.8)1, the above identity is reduced to
∂tu1 + (u1∂x + u2∂y)u1 =
Rθˆ
P − 12 hˆ21
hˆ1∂ξhˆ1 +
µRθˆ
P − 12 hˆ21
hˆ1∂η(hˆ1∂ηuˆ1)− RθˆPξ
P − 12 hˆ21
=
Rθ
P − 12h21
(h1∂x + h2∂y)h1 +
µRθ
P − 12h21
∂2yu1 −
RθPx
P − 12h21
,
which yields (1.14)1. Thus, we obtain that (u1, u2, θ, h1, h2), defined by (3.8) and (3.10), is a
classical solution of problem (1.14). Finally, the uniqueness of the solution to (1.14) follows
from that of the transformed problem (2.8). 
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